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Abstract 

We demonstrate that the transfer matrix of the inhomogeneous A^-state chiral Potts model 
with two vertical superintegrable rapidities serves as the Q-operator of XXZ chain model for a 
cyclic representation of C/q(s^2) with A^th root-of-unity q and representation-parameter for odd 
N. The symmetry problem of XXZ chain with a general cyclic L'q(sZ2)-representation is mapped 
onto the problem of studying Q-operator of some special one-parameter family of generalized 
T^^-'-models. In particular, the spin-^^^^ XXZ chain model with q^ = 1 and the homogeneous 
A^-state chiral Potts model at a specific superintegrable point are unified as one physical theory. 
By Baxter's method developed for producing Q72-operator of the root-of-unity eight-vertex 
model, we construct the Qb, Ql- and Q-operators of a superintegrable r'^'-model, then identify 
them with transfer matrices of the iV-state chiral Potts model for a positive integer N. We thus 
obtain a new method of producing the superintegrable A'^-state chiral Potts transfer matrix from 
the r*^^^ -model by constructing its Q-operator. 

2006 PACS: 05.50.-Fq, 02.20.Uw, 75.10Jm 
2000 MSG: 14H70, 39B72, 82B23 

Key words: r^^^-model, Chiral Potts model, Q-operator, Quantum algebra Uq{sl2) 



1 



1 Introduction 



The aim of this paper is to show that the transfer matrix of some inhomogeneous A^-state chiral 
Potts model^ (CPM) with two vertical superintegrable rapidities serves as the Q-opeiatoi of the 
XXZ chain model arisen from cyclic representations of U^{sl2) with = = 1 for odd N, 
where ^ = q^^+^ with e as the parameter of AT-dimensional ?7q(s/2) -cyclic representations (see 
(4.5) in the paper). In particular, the cyclic representation for <j = q is equivalent to the spin- 
^^^^ representation of Uq{sl2)- As a consequence, the result yields the identical physical theory 
about the spin-^^^^ XXZ chain with q-^ = 1, and the homogeneous AT-state CPM at some specific 
superintegrable point. In recent years, the degeneracy of the spin-| XXZ Hamiltonian with the 
extra sZ2-loop-algebra symmetry was discovered and analysed in [15, 18, 19, 20, 21] when the 
(anisotropic) parameter q is a root of unity. The sZ2-loop-algebra symmetry was further verified 
in the spin-^^ XXZ chain with = 1 for 2 < d < N when N is odd [35, 42]. In the present 
work, we study the spin-^^^^ XXZ chain with q^ = 1 restricted only in the odd N case, which 
for convenience, will be loosely called the root-of-unity XXZ chain with q^ = 1 throughtout the 
paper. The scheme of our investigaton is to build an explicit connection between the theories of 
root-of-unity XXZ chains with q-^ = 1 and superintegrable A/"-state CPM through the Q-operator 
approach, while discussions in CPM and its related r^^^ -model will be understandingly valid for all 
integers N >2 with no oddness restriction. Even though the spin-^^^^ XXZ chain with q^ = 1 and 
the homogeneous AT-state CPM share the same Bethe equation (up to phrase factors) [1, 6, 13], the 
symmetry structures of these two models are different (though closely related): the superintegrable 
CPM with Onsager-algebra symmetry [39] , while the spin- ^ XXZ chain with q^ = 1 carries the 
sZ2-loop-algebra symmetry. However the subtle correspondence made in [42] about the symmetry 
comparison by the functional-relation method has strongly suggested that one model could possess 
some additional structure which already appeared in the other one. But the conclusion was not 
available within one theory alone. In the present paper we show that the connection indeed is 
established for the conjectural relationship about the identical theory of superintegrable CPM and 
the spin-^^^^ XXZ chain with q^ = 1. The identification of these two models, not merely on 
the existence of quantitative analogy between them, can provide deeper insights about natures of 
these theories, e.g., the extension of the Onsager-algebra symmetry of superintegrable CPM to the 
larger sl2-loop-algebra symmetry; a similar symmetry description also true for the spin-^^^^ XXZ 
chain. The finding has now further demonstrated the universal role of CPM about the symmetry 
structure of various lattice models, such as a not yet complete task of the root-of-unity XXZ spin 
chains and eight-vertex model in [15, 16, 17, 21, 22, 23, 24, 25, 35, 40, 41, 42, 43, 44]. Furthermore, 
the oddness restriction of A^ for the root-of-unity XXZ chains in this paper is purely imposed by 
the technique requirement in the mathematical discussion, but not a conceptual one. Hence the 
relation between sZ2-loop-algebra symmetry of spin-^^^^ XXZ chain and Onsager-algebra symmetry 
of AT-state CPM could still be valid for even N if the computational techniques can be extended 
(though not immediately apparent at present) to the general case. 

^AU the models discussed in this paper always assume with the periodic condition. 
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The chiral Potts model was originally presented as an iV-state one-dimensional quantum Hamil- 
tonian [28, 27], a formulation implanting the character of Onsager-algebra symmetry in the theory. 

Then it was formulated as a two-dimensional solvable lattice model in statistical mechanics which 
satisfies the star-triangle relations [2, 33, 11]. For = 2, it reduces the Ising model, of which 
the free energy was solved by Onsager in 1944 [36]. When > 3, due to the lack of difference 
property of rapidities, a characteristic feature in the study of CPM, e.g. the eigenvalues [5, 6, 34] 
and the order parameter [8, 9], relies on functional relations among the CPM and various related 
-^OO-models [10]. This method stemmed from the descendent relation of CPM with the six- vertex 
model in [12], where there exhibited a five-parameter Yang-Baxter solutions for the asymmetric 
six-vertex i?-matrix (see (2.8) in this paper), called the generalized r^^^-model, among which are the 
T^^^-matrices parametrized by rapidities of CPM. In this work, we study the XXZ chains associated 
to cyclic representations of Uq{sl2), and find that they are equivalent to some special one-parameter 
family of generalized r^^^-model, but not in common with r^^^-matrices for the homogenous CPM 
except one superintegrable point. Accordingly, the symmetry study of those XXZ chains is thus 
mapped onto the functional-relation study of the corresponding r'^^^-modcls, hence an appropriate 
Q-opcrator is required for this purpose. In this paper, wc employ the Baxter's techniques developed 
for producing Q72-operator of the root-of-unity eight- vertex model [3] to construct the Qr,Ql', 
then Q-operators for a r^^^-model corresponding to the XXZ chain for a root-of-unity C/q(s/2)-cyclic 
representation, much in the same way as the Q-operator of the root-of-unity six-vertex model in 
[41]. The method is successfully applied to the superintegrable r^^^-matrix so that the homogeneous 
CPM transfer matrices Tp,Tp [10] at an arbitrary superintegrable element p are recognized as the 
Qij, Qi-operators (up to certain normalized factors) by a correct identification of various parameters 
appeared in the construction. Also, the procedure provides the reasoning for the high-genus-curve 
constraint of the rapidity. We thus obtain another Q-operator method, (implicitly related to argu- 
ments in [10, 12]), of creating the superintegrable CPM transfer matrix from the r'-^-'-matrix. The 
same procedure enables us to construct the Qji, Ql- and Q-operators of the r^^^-matrix correspond- 
ing to a cyclic representation of Uq{sl2) with a A^th root-of-unity representation-parameter, then 
identify them with the inhomogeneous CPM transfer matrices with two superintegrable vertical 
rapidities. The inhomogeneity of CPM may suggest the possible significant role of Q-operator in 
the study of generalized r^^^ -models. 

This paper is organized as follows. In section 2, we briefly review the rapidity and the transfer 
matrix of the AT-state CPM in [10], and main features of the generalized r^^^ -model related to 
the superintegrable CPM in [12] (or [39] and references therein). In section 3, we reproduce the 
homogenous CPM transfer matrix as the Q-operator of the superintegrable r^^^-matrix along the 
line of Baxter's (572-method in [3]. We construct the Qji, Ql-, and Q-operators of a superintegrable 
r^^^-matrix, first in some detail for the special superintegrable element (2.14) in section 3.1, then 
at a general superintegrable element (3.40) in section 3.2. The rapidity constraint of the high- 
genus curve in CPM is revealed as a requirement for the commutative property of Q-matrices. In 
section 4, we study the Q-operator of the XXZ chain model associated to cyclic representations 
of Uq{sl2) with q a Nth root of unity, among which the spin-^^^^ highest-weight representation 
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appears as a special case for odd N. First in section 4.1, we illustrate that the XXZ chain model 
for cyclic representations of Uq{sl2) are equivalent to a special one-parameter family of generalized 
7-(2)_H2odel. In particular, the result yields the identical theory of the spin-^^^^ XXZ chain and 
the homogeneous A'^-state CPM at one specific sup erintegr able point. Then in section 4.2, we 
construct the Q-operator of the special generalized r^^^-model with A^th root-of-unity parameters, 
equivalently the XXZ chain for those cyclic [/q(sZ2)-representations. We then identify these Q- 
operators with the transfer matrix of the inhomogeneous A^-state CPM with certain two vertical 
superintegrable rapidities. We close in section 5 with some concluding remarks. 

2 The N-state Chiral Potts Model and the GeneraUzed r*^^^-model 



This section serves as a brief introduction to the chiral Potts model and the generalized t^'^^- 
model. The summary will be sketchy, but also serve to establish the notation (for more details, see 
[1, 10, 12, 39] and references therein). 

In this paper, denotes the vector space consisting of A?^-cyclic vectors v = Y^u^Zn ^"I'^) 
with the basis indexed by n G Zn[-= Z/NZ). We fix the Nth root of unity lo = e n , and a pair 
of Weyl C^-operators, X and Z, with the relations XZ = u'^ZX and X^ = Z^ = 1: 

X|n) = |n + 1), Z\n)=uj'^\n) (n G Zat). 

The rapidities of the A/"-state CMP are described by coordinates {x,y,fi) G satisfying the 
following equations of a genus- (A'^^ — 2A'"^ + 1) curve 

Wk' : kx^ = 1- k'fi-^, ky^ = 1- k'fi^ , (2.1) 



where k'{^ il,0) is the temperature-like parameter with k = ^/l — k'^. The elements in 22Jfc' 
will be denoted hy p, q, ■ ■ ■ , and its coordinates will be written by Xp, yp, fip whenever if it will be 
necessary to specify the element p. Denote tp = Xpyp. The Boltzmann weights of the A^-state CPM 
are defined by coordinates of p,q e QSk' with the expressions: 

Wp,g{n) _ Alp " y^ - ujixp Wp^gjn) _ " uxp - u^Xg 

Wp,giO)-^„J }},yp-^^xg' W,,,(0) - ^^^^^^ 11 y.-u^^yp ' ^'"'^ 

The rapidity constraint (2.1) ensures the above Boltzmann weights with the AT-periodicity property 
for n. Then the star-triangle relation holds: 

N-l 

E ^ir{j' - n)Wpr{j - n)Wpq{n - j") = RpgrWpgij - j')Wpr{j' - j")Wgr{j - j") (2-3) 
n=0 

where the factor Rpqr is defined by 



fpqfgr r _ ( deiN{Wpq{i - j )) 

fpr ' V nt^H^p^H 



p _ jpqjqr r """"" y pgy j n /„ 

^qr — f ^ Jpq ■— \ T-riV-1 Tir / N ) • V^-^/' 
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Without loss of generality, we may assume Wp^q{0) = ^^^,^(0) = 1. On a lattice of the horizontal 
size L, the combined weights of intersection between two consecutive rows give rise to an operator 
of (g) C"^, which defines the transfer matrix of the iV-state CPM^ : 



'^p(l){J},{j'} = n ^p,<iije - je)Wp,q{je+i - 

1=1 



(2.5) 



for p, g € SBJfc' and j^, G Zjy. Here the periodic condition is imposed by defining L + 1 = 1, hence 
Tp{q) commutes with the spatial translation 



Sr ■■ lii, . . . ,3l) ^ Ii2, • • • ,iL+i) j(. e Zjv. 



(2.6) 



The operator Tp = TpSji is expressed by 



^pil){j},{3'} = n ^pAm - j£)Wp,g{je - j'e+i] 



(2.7) 



The star-triangle relation (2.3) in turn yields the commuting transfer matrices for a fixed p G Wk': 

[Tpiq), Tp{q')] = [fp{q), fp{q')] = , q,q'eWk' ■ 

In the discussion of CPM as a descendent of the six- vertex model in [12], a five-parameter family 
of generalized r'^^^-models was discovered as the Yang-Baxter (YB) solution for the asymmetric six- 
vertex i?-matrix, 

1 \ 

t-1 u-1 

t{(jj - 1) {t- 
tuj-1 



R{t) 



\ 



I 



The L-operator of those r^^^-models is a matrix of C^-auxiliary and C'^-quantum space built upon 
the Weyl operators X, Z with parameters a, /?, 7, £>, k G C: 



L(i) 



t{a-pX)Z-'^ ta-i+^X 



A B 

C D 



{t), t e C, 



which satisfy the YB equation 

i?(iA0(L(i)(g)l)(l(g)L(O) = (l(g)L(0)(L(t)(g) WA')- 



(2.8) 



(2.9) 



aux aux 



Then the monodromy matrix of size L, 

L 

e=i 



A{t) Bit) 
C{t) D{t) 



, = L at site £, 



^We use the convention of transfer matrices in [10] where formulas (2.15a) (2.15b) are the (2.5) (2.7) here. The 
transfer matrix [1](1.6) or [39] (7) is equal to (2.7) in this paper. 
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again satisfies the YB equation, and the a;-twisted trace 

t(2)(0 = A{u;t) + D{ut), (2.10) 

form a family of commuting operators of the L-tensor space C^^ of C^. By 

[X, A] = [X, D] =0, XB = u-^BX, XC = uCX, (2.11) 

X commutes with the r^^^ -matrix. The quantum determinant of the monodromy matrix is charac- 
terized by rank-one property of R{ijj~^) in the YB relation (2.9): 

R{u-^){®U{t) 1)(1 {2)„„, = 

{l®aux (^U{i^t)){®U{t) {8)„„^ l)R{uj~') = det, • R{u-^), 

with deiq{= deiq{®'L(){t)) = (^ -|- {ag + u}P^)t + ua'yKt'^)^X^; equivalently, the following relations 
hold: 

B{ujt)A{t) = A{ujt)B{t), D{ut)C{t) = C{ujt)D{t); 
A{t)C{ujt) = ioC{t)A{ujt), B{t)D{Lot) = ujD{t)B{ujt), 
detg = D{ujt)A{t) - C{ut)B{t) = A{ujt)D{t) - B{ujt)C{t) 

= A{t)D{ujt) - ujC{t)B{Lot) = D{t)A{ujt) - LO-^B{t)C{Lot). 

For the r^^^-matrix in CPM with the rapidity p = {x,y,ii) in (2.1), the parameters in (2.8) are set 

by 

-1 r, -1 —X^ —fi /0 10\ 

a = -j = -y ,l3 = -u g= — — , k = (2.13) 
Hence the parameters (2.8) for the superintegrable point in Wk''- 

1 1 — k' i 

Xp = yp = V^, Hp = l, where rj := (y—^)^ , (2.14) 

are given by —a = —(3 = = ijj~^q = —n = rj~ . It is known that the degeneracy of r^^^- 
eigenvalues with Onsager-algebra symmetry occurs at the superintegrable point (2.14) [38, 39]. 
With the variable t = ?7~^t, the superintegrable L-operators for an arbitrary k' is gauge equivalent 
to the one with 77 = 1 ([39] section 4): 

( 1-tX {\-ujX)Z\ /a B\,, , ^ 

In the next section, we produce a Q-operator of the above L-operator following Baxter's method 
of constructing (572-operator for the eight- vertex model in [3]. The constructed Q-operator will be 
identified with the CPM transfer matrix (2.5) at the superintegrable point (2.14) in a transparent 
manner. 
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3 The (^-operator of Superintegrable r*^^^-model and CPM Trans- 
fer Matrix 



In this section by Baxter's method of producing Q72-operator in [3], we construct the Qr,Ql-, 
then Q-operators of a homogeneous superintegrable r'^^^-model, first for the L-operator (2.15) in 
section 3.1, then for a general superintegrable L-operator (3.38) in section 3.2. In doing so, we 
reproduce the CPM transfer matrix [10] at an arbitrary superintegrable point. 

3.1 Derivation of the CPM transfer matrix as the Q-operator of the superinte- 
grable r^^^-model 

The Qfi-matrix associated to the L-operator (2.15) is constructed from an S-operator, which is a 
matrix of the C^-auxiliary and C^-quantum space 

S = i^^AJeZ. (3.1) 
with C^-operator entries Sjj. The Qj^-operator is defined by 

L 

Qji = tr^jv((g) S^), = S at site £, (3.2) 

e=i 

by which, t^'^^Qr = tr q2 qn{^^^^ U^), where = U at the site £ with the local-operator U 
being a matrix of (g) C^-auxiliary and C^-quantum space: 

V cs Ds ; 

Hereafter we write the operators A{t),B{t),C{t),D{t) simply by A, B,C, D if no confusion could 
arise; while the matrix S will depend on some variable a algebraically related to the variable t: 
S = S(cr). The operator t^'^^Qr will be decomposed into the sum of two matrices if we can find a 
2N by 2N scalar matrix (independent of s) 

M = ( r ) ' ^ = dia[<^o, • • • , 5n-i\, (3.3) 

\ -0 In J 

^ j . One can express M~^UM by^ 

Here the C^-operators A^,C^ ,^,D^ for ^,7/ G C associated to a L-operator in (2.8) are defined by 

K,{t) := A(t) - ??B(t), D^it) := ^B(t) + D(t), 
C^Jt) := eA(t) + C{t) - ^7]B{t) - D{t)r]. 



^The ks^,Cs,,Sj,Us, here are A{-dj),C{-5i, -6j),-D{-Si) in [44] (3.2). 
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Lemma 3.1 The operators A^,C^_^,D^ {^,r] G C) in (3.4) associated to a L-operator in (2.8) satisfy 
the following commutative relations: 

C^,^(t)X-U^(tut) = K,{t)X-^C^^^{ojt), 
C^,^(u;t)D^(t) =D^(a;t)C5,^(t). 

Proof. With the expression, C^_^ = ^A^ + C — Dr7 = ^A + C — D^?7, and relations, (2.11) and (2.12), 
one finds 

(C - Iir)){t)X-'^kr,{ujt) = kr,{t)X-^{C - Dr?)(a;t), 
(CA + C) (a;t)D^ (t) = (cot) (^A + C) (t) . 

Then follows (3.5). 

Now we determine the condition of ^,r/ with the singular matrix C^^^ for the L-operator in 
(2.15). 

Lemma 3.2 The criterion for ^,ri with a singular matrix C^^^y associated to the L-operator (2.15) 
is = r]^ . When r] = uj~^C, the kernel space o/ C^^^ is one- dimensional with the cyclic-vector 
basis V = J2ne7iN ^"l"') ^ expressed by 



(^uj — Lc""^)("t — jj^' ^) 



Vn-1 (l-a;»-*^e)(t-a;»0 
satisfying the relations 



(n G Zjv) (3.6) 



A,(t).(t) = (1 - u.~H)^^if^^^Xviu-H), 
D,(t).(t) = .;(1 - t) (,,yi-/g°,,)„ .(u;t). 



(3.7) 



Similarly when rj' = lo , the cokernel o/C^/^^' is the one- dimensional space with the basis element 

(1 -w'^-i.e'^ 



V* = JZneZ^ ^ C!'^* expressed by 



y*n-i (1 _ o;"-!^') (t - u''-''^') 

satisfying the relations 



{n G Zat) (3.8) 



.*(t)A,,(t) = (1 - t) (L":4qy(i^,\% *(a;t)x, 
.*(t)D,,(t) = {u- t) (,-j'4y(L°-^t)o ^*(^"^t). 



(3.9) 



Proof. By (2.15), the entries of C^^^ are zeros except 

(n|C^,Jn) = (e - a;-"t)(l - r?a;"), (n|C^,^|n - 1) = -(^ - u;-"+i)(t - r?a;") 

for n = 0, . . . , A?" — 1 G Ztv. The kernel vector v = J2neZN ^"l'^) covector v* = Yl^neZN 
of C^^^ are determined by the relations 



(^ - (j-"+i)(t - r?(j")z;„_i = (e - u;-"t)(l - ??a;")n 

(^ - a;-"+H)(l - ryu;"-i)t;*"-i = (^ - u;-'^+i)(t - ?7a;")t; 



*n 
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for n = 0, . . . , A/" — 1. The non-zero vector condition for v is given hy vq = vn ^ 0, equivalently, 

i-riV-l (g-a;-"+i)(t->?a;") _ -, • 
lln=0 {^-uj-"t){l-noj^) - 

(t^ - 1)(^^ - r?^) = (^^ - l)(t^ - r?^) - - t^)(l - = 0. 

Hence C^^^ is singular if and only if = 77^, in which case the kernel of C^^^^-k^ is one-dimensional 
space generated by the cyclic vector v G defined in (3.6). By (3.5), for 77 = uj~'^$, we have 

Ci,r){^^^t.)X~^Ar^{t)v{t) = C^,^(a;t)D^(t)t;(t) = 0, 
t;*(t)A^(t)X"^C^^^(wt) = ■u*(t)D^(t)C^^^(u;"H) =0. 

As v{LO^^t) is characterized as a basis element of the kernel of ,^(u;^"'^t), (the same for f (cjt) as 
a basis of kernel of C^_^(a;t)), there exist scalar functions A(t), A'(t) so that the equalities hold: 

A^(t)'y(t) = X{t)Xv{u~^t), D^(t)'u(t) = A'(t)'u(a;t). 

Using(3.6) and the expression of A„D^,onc finds A(t) = ^^^^^^^-^l;;;^^" , X' (t) = ' 
then follows (3.7). By a similar argument, the one-dimensional cokernel of C^/^t^-fe^/ is generated by 
the vector v* G c^* in (3.8) satisfying the relation (3.9). 

Remark. When the 0th components of vectors v, v* in (3.6) (3.8) with k = 0, . . . , N — 1 are in the 
form 

with the functions //(t, ^), //*(t, ^') satisfying //(wt,^) = a;/i(t,^), /i*(t,a;^') = a;/Lt*(t, ^'), the 
relations (3.7), (3.9) become 

A^{t)v{t) = {1-lu-H)Xv{lo-H), D^{t)v{t) = uj{1 - t)v{LJt); 
i;*(t)A^.(t) = (1 - t)v*{ut)X, v*{t)T)^>{t) = {u- t)v*{iO-H). 

For example, the condition (3.10) holds for v{t)o = ^t'^ UfW" - <^~^), v*{tf = n/=o*'(l - 

We shall consider only the cyclic vectors v,v* in (3.6), (3.8) which satisfy the condition (3.10). 
These vectors depend on the parameter ^, ^' and k £ Zjv, and will be denoted by v{t) = v{t; ^, k) G 
and v*it) = v*{t;(,',k) £ C^*. By (3.6), X'v{t;S„k) is proportional to f(t;u;-*C,fc) with the 
0th component {X^v{t;^,k))o satisfying the relation (3.10) for o;"*^. We now determine the form 
of c(^) in (3.10) so that the equality holds: 

X'v{t;^,k) = v{t;uj~''^,k), i G Zn. 

It suffices to consider the case i = —1, which by (3.6), is equivalent to 
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Up to ^-^-function multiples, c(^) is equal to YlfLo^i^ ~ ^''0 ^- Hence we may assume 

-, N-k ^-1+. , 

.(t;^,^)o = ;.-(--+^)^ n ^'-''^ 

Here // = A*(t,^) is a variable algebraically depending on (t,^) so that ^{t,u>~^$,) = /x(a;t,^) = 
a;/x(t,^). Similarly, the covector v*{t;(',k) with 

has the 0th component (3.10) expressed by 

where /i*(t, cj"^^') = /i*(a-'t,^') = u;/Lt*(t, ^'). Furthermore, wc shall require {t;(t; ^, /c)}^, {t;*(t; A;)}^ 
to be A^-periodic for integers k, equivalently, the variables n = /x(t,^), /x* = /x*(t,^') with the re- 
lations 

ir'tf - 1 = ^^(1 - e^), - 1) = i - (r'tf, (s.m) 

i.e., {^'(t;C,fc)o}feeZAr'{^*(t;^'i^)°}fceZjv ^^^^^^ iV-vectors. 

There exists a connection between the cyclic vectors v{t;^,k),v*{t;^',k) when the parameters 
^, 4' are related by C^' = t, in which case one finds 

v.n+k{t;C,k) _ (l-a;"-'^-!^')!^-^""') _ ^;*"(t;r,fc) 



^;_„+fe+l(t;^,A;) (l - u;n-l^/)(^ _ ^n-fc) ^) ' 

equivalently, the covector v*{t;^',k) is proportionally related to the transport of v{t;^,k) by 

v*{t;^',kY ^X''Jvit;^,k), ^e = t, 
where J is the C^-automorphism defined by (Jv)„ = for n G Zjv- By (3.6) and (3.12), 

{X''Jvit;C,k))o =v{t-i,k)k 

~ li/=l ll'=l (l-a;'-'=5){t-<^'5) ' 

then by (3.13) (3.14) and with the identification jj,* = {ijJIjl)~^ in (3.14), one finds 

^ X^Jv{t;^,k) = {i' -uj)v*{t;£,\k)K 



w(t;e,l)i 

Hereafter we will make the identification 

e = x, e' = y, ^^' = t, /x* = (u;/x)-\ (3.15) 
the relation (3.14) defines the algebraic surface: 

S: y^- 1 =//^(l -x^), a = (x, y, /x) G with t := xy. (3.16) 
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The element with x = y = /x = 1 will be denoted by 

1 = (1,1,1). 

We shall use the Greek letters a^a',--- to denote the surface elements in 6. For later use, we 
consider the following automorphisms of surface 6, 

Ui : (x, y, //) (wx, y, V), U2 : (x, y, //) 1-^ (x, ojy, w//), 

V : (x, y, fi) (wx, V> V)> U : (x, y, /x) (wx, y, ^), (3.17) 

C : (x,y,/i) i-H- {y,x,n-^). 

Now the vectors (3.6) (3.8) with the 0th component, (3.12) and (3.13) respectively, depend on the 
surface element a in (3.16) and fc G Zjv, and we shall also write 

v{a;k) =v{t;^,k) e C^, v*{a;k) = v*{t;^',k)e C^*. 

Define the functions of 6: 

W.(n) = /x-«n^^, W.(n) = /^n^^^^^ (aG6), (3.18) 

which satisfy the A^-periodic condition for n, hence n € Zjv, and Wo-(O) = Wo-(O) = 1. By (3.6) and 
(3.12), the vector v{a;k) is expressed by 

H{1 - x)vn{cr; k) = W^(n)W<,(n - k). (3.19) 

Also, by (3.8) and (3.13), one can express v*{a, k) in terms of Wo-(n), Wo-(n) in (3.18) by 

(y - u;)x;*"((7; k) = \l^{-n)%{k - n)/W<,(l). (3.20) 

Note that (y — a;)W(j(l) = uJ^i{l — x). 

We now use cyclic vectors v{a; k), v*{a] k) to construct the Qr^ Qi-operators. Set the diagonal 
matrix 5 in (3.3) by 

5i = uj~'yi, i = Q,...,N -I, (3.21) 
and the C^-operator Sjj(= Sij(c7)) for z,j G Zjv by 

^i,3 = VijT.j, = X\{u-j - i){= v{V-'a;j - i)), nj G C^*. (3.22) 

Here v{a\k) is the cyclic vector in (3.19), and rjj is the parameter independent of a. By the first 
two relations in (3.11), the Qj^-operator defined by (3.2) satisfies the TQ-relation 

r(2)(u;-it)Qfl(a) = (1 - u-^)'' XQR{U:^^a) + a;^(l - t)^gii(C/2a), (3.23) 

where U2 is the automorphism defined in (3.26). We follows Baxter's mechanism in [3] to construct 
the companion of Qr, the Q^-operator, where the diagonal matrix 5 in (3.3) is set by 

5i = u-'Y, z = 0,...,iV-l. (3.24) 
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Define the C -operators Sjj(= Sij{a)) for i,j G Zjv: 

hj = n,j%,j, %,j = v*{a;j-i)X-\=v*{V'a;j-i)), f^j G C^ (3.25) 
and the Q^-operator 

QL{a)= ^e=Ae,H+ri<^), (L + l = l). 

By the last two relations in (3.11), the following QT-relation holds 

QL(c7)r(2)(a;-it) = (1 - t)^QL{Uia)X + (w - t)^QL(f/f V). (3.26) 

Note that the automorphism Ui in (3.26) is different from the U2 in (3.23). As in [4] (C28), we 
shall construct the Q-operator from and Ql using the relation Ql{<^)Qr{<^') = Q l{'^')Q r{<^) ■, 
which unfortunately fails for arbitrary 0,0' € 6. Nevertheless wc shall look for the condition of 
(J, a' so that the commutative relation holds. Indeed, by the identification of variables, 

x = r]^Xq, y = r)^yq, n = Hq, (3.27) 

where r] is defined in (2.14), one may consider the curve (2.1) contained in the surface & (3.16) 
with equations invariant under automorphisms in (3.17): 

Wk' : (1 - k')x^ = 1 - k'n'^, (1 - A;')y^ = 1 - k'n^. (3.28) 

In this way, the surface 6 is decomposed as the family of curves 211^' with the complex parameter k'. 
The base point 1 G 6 is the superintegrable element p in (2.14). Through the identification (3.27), 
(3.28) and (2.1) are regarded as two coordinate-systems of the same curve Wk', whose elements 
will be denoted by Roman letters q,p, ... with coordinates q = {xq,yq,iJ,q) in (2.1), and by letters 
(7, p, ... with the coordinates a = {x,y,fi) in (3.28). For an element a = q e Wk', the Boltzmann 
weights (2.2) with p in (2.14) coincide with those in (3.18): 

Wp,q{n) = W^(n), Wp,q{n) = W^(n). (3.29) 

For a = (x, y,/x),(T' = {x',y',ij,') G Wf-', the Boltzmann weights in (3.17) become 

n I j n j / 

«.An) = (f,rn = (mTU (3-30) 

We now show 

QLi<j)QR{<T') = QLi'7')QRi<j) <T, CJ' G Wk'. (3.31) 

Indeed we shall indicate the curve Wy as the constraint condition for the above commutative prop- 
erty. Using the Baxter's method in [7, 10, 41], we consider the product function: f(^a,a'\i,j;k,l) = 
Vij{a)vk,l{cr'), and look for an auxiliary function p{(j,a'\n) for n G Zjv such that 

p{a, u'\i - k)f{a, a'\i,j; k, l)p{a, a'\j - = f{a', a\i,j; k, I). (3.32) 
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By (3.19) and (3.20), one finds 

ujfifi'il - x)(l - x')/(cr, a'\i,j;k,l) 

= -^EneZiv ^^,'T'(^,^;n)T4/,(^(-l, -j;n), 

where V„,„>{i,k;n) := E,„eZ^A, " 'm)^^,{m - k) ( [10] (2.29)). In order to verify (3.32), 

it suffices to find anotlier auxiliary function p[a,a'\n) for n € Zjv such that its Fourier transform 
p'^f\(T , a' \n){= Efcl^^ '^"^P(<^) <^'l")) satisfies the relations for n G Z^r, 

By summing up above relations for n G Zjv, the substitution, i = j — j', k = j" — j', in turn yields 
the following constraint of p{a, a'\n) ,p{a, a'\n)'s: 

^a{j - j'Wa'if - j")p{(T, a'\j - j") = Wa'(j " n)%{n - j")p{a, a'\j' - n), 

which is the star-triangle relation (2.3) with p corresponding to 1 and 

p{a, a'\n) = ^i^^' (n), p{a, a'\n) = R~^^Maa' {n), a, a' G Wk'- 

By this, follows the relation (3.32) ( [10] (2.30)), hence (3.31). Note that Qr,Ql take the oo-value 
at the base element 1. For convenience, we multiple the operators Qr, Ql by normalized factors. 

Quia) = /x^(l - x)^gfl(a), QUa) = a;V(l - x)^Ql(ct), 

so that the commutative relation (3.31) still holds: 

QLi<j)QR{<T') = Ql{(j')Qr{cj), a, a' G Wk'. (3.33) 

Define the Q-operator 

Q{(r) = QR{a)QR{l)-^ = Ql{1)-^Ql{(t), a G Wk>, (3.34) 

when both Qr{1),Ql{1) arc non-singular. Note that the Q-operator is independent of the choice 
of parameters Tij,Tij in (3.22), (3.25) regardless of Qr,Ql depending on them. By (3.33) and 
(3.23), one finds [Q{a),Q{a')] = [T^'^\t),Q{a')] = 0, and the Tg-relation 

T^^\u'h)Q{a) = (1 - uj-h)^u^XQ{U2^a) + (1 - t)^Q{U2a). (3.35) 

We now specify convenient parameters Tij,Tij for the explicit expression of the above Q'opsrator. 
Set Tij = Tij = \j) in (3.22) (3.25), i.e. 

Si,j = X'v{a;k){j\, Si,j = \j)v*{a;k)X-\ (k = j-i^Z^). (3.36) 

By (3.22) and (3.36), XSi^j{a)X-^ = Si+ij+i(cj), X^Sij{a) = Si^j{V-^a), which imply 

XQR{a) = QR{a)X, X^QR{a) = QRiV-^'a). (3.37) 
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One can write a matrix expression of the Qi?-operator using Wo-,Wo- in (3.18). Indeed by (3.36), 
QR{(^)\ji, ■■■Jl) = ®i=xX^'^-''v{a;j[ - with L + i = l. The relation (3.19) yields 

L 

{ji, ■ ■ -JlIQeWi, . . . = n Mm - je)%ije+i - j't)- 

i=i 

Similarly, the relations, XSij{a)X^^ = Sj+ij+i (cr) and Sij{a)X = Sij{V~^a), yield XQi,{a) = 
Ql{(t)X, Ql{(t)X'' = QL{V-^a). Using (3.20), one finds 

L 

{ji, ■ ■ ■ ,jL\QL{(T)\j'i, • • • = n ^^(-^^ ~ Je)^<TUe - fe+v), 

By (3.29), Qb, and Ql coincide respectively with the transfer matrices (2.5) (2.7) in CPM at the 
superintegrable point 1: 

Qr{(t) = Ti^CT, Qlicr) = Ti^a- 

When cr = 1, Wi(n) = l,Wi(n) = 5nfl for n € Zjv, hence (5l(1) = Id, and the Q-operator (3.34) is 
related to the CPM transfer matrix by Q{a) = fi^^ for a £ Wk'. By (3.37), the TQ-relation (3.35) 
is equivalent to the following form ([10] (4.20), [39] (52)^) 

T^^\u-H)QR{a) = (1 - u;-H)^Qfl([/-V) + (1 - t)^a;^XQfl([/a) 

where U is the automorphism in (3.17). 

3.2 The Q-operator of the general superintegrable r^^^-model 

The construction of Qr,Ql and Q-opcrators of r'-^^-modcl at the superintegrable point (2.14) can 
be carried over to other superintegrable elements p with {xp,yp, fip) = {rj^uj"' ^'q'iijj^ ,(jO^), where the 
L-operators (2.8) with the parameter in (2.13) for all r] are gauge equivalent to 

/ 1 - ttu^-X (1 - a;i+'^+2^X)Z \ 

- _t(l - u;-+2cx)Z-i -t + a;i+2m+2c^ j (3.38) 

with t = tr}~^uj~'^^, m = a — 6. The change of coordinates^ 

X = r]'^io~^Xq, y = r/^w"^, ji = fig, (3.39) 



provides two coordinate systems, (3.28) and (2.1), for the curve Wk' in the surface 6 with the 
superintegrable element 



P : (x,y,/i) = (w™, 1,^'') p: {xp,yp,Hp) = {r]iuj"',r]2u\u;''), (3.40) 



^Thc N^Q,p{q) in [39] is equal to - x'^)^QR{a)SR here. 
For the other type of superintegrable elements, p — {xp,yp, fip ) = (77— a.",J7 — instead of (3.39) 
we consider the change of coordinates: (x,y, /^t) = (ri2ui^''xq,r}^ uj~''yq, Hq). In this way, the curve in 

(2.1) is identified with W-k' in (3.28) with p corresponding to p in (3.40). 
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where m := a — b. We now consider the operator A^,C^_^,D^ (^,77 G C) in (3.4) associated to a 
L-operator (3.38). The Lemma 3.2 is still valid by replacing (3.6) (3.8) respectively by 



v„ _ , ,2c ('^'"+^-'^"g)(t-a>"'+"-feg) 
— .^-kc 



v„-i (l-a;"-'=^)(t-a;"0 ' 

V*" _ , -2c (l-a^"-''-^g')(t-a;"-if) 
v*n-^ ^ (a;m-w"-i^')(t-a;™+"-'=^') ' 



and (3.7), (3.9) by 



A.-.,(t).(t) = (1 - ^--^t) -— f)-°^^) x.(.-H), 
D,(t).(t) =(c^--t) (,irsyj(':,)„ K^t); 

.*(t)DHt) = (^^+- - t) (,^,/jly2;;ff;-.,)o ^-(^-H). 

With identified with x,y as in (3.15), the cyclic vectors, v{a; k) in (3.19) and v*{a; k) in (3.20), 
are given by the following general form 

^i+m+2c(^m _ ^) ^ Wp,(n)Wp,,(n - fc)/Wp,,(-m), ^ 

^m+2c(y_^l+m-)^*n(^.^) = Wp^(-n)Wp<,(fc - n)/Wp^(l + m), 

for cj in the surface 6 (3.16), where Wo-o-', Wg-o-' are defined in (3.30). Note that the following equality 
holds among the factors in above vectors: 

^m+2c(y _ ^l+m)yp^(i + m) = a;C(2m+l)+m(m+l)+l^l+m+2c(^m _ x)Wp,^(-m). 

With the same argument in the previous subsection, we construct Qi?, Qi-operators using the 
S,S-matrices in (3.22), (3.25), then identify the Q'OP^rator with the CPM transfer matrix at the 
superintegrable point p in (3.40). We summarize the conclusion as follows. 

Theorem 3.1 Let T^'^\t) be the matrix (2.10) associated to L-operator (3.38) at the superinte- 
grable element p in (3.40), and Tp,Tp be the CPM transfer matrices in (2.5), (2.7) (through the 
identification Wp^q = Wpo-,VFp,5 = ^pa)- Then the Qr,Ql- operators for the t'^'^^ -matrices are given 
by 



^l+m+2c(^m _x)Wp_^(-m)' ^ fx'^+^<'{y - Uj'^+'^)\]pa{l + m) 

for a E &, which satisfy the TQ -relation: 

r(2)(a;^it)Q«(a) = {1 - u>-^^-H)^XQR{U^'a) + J^'^+^+^^^iv'^' - t)^QR{U2a), 
QL{a)T(^\uj~H) = (1-a;— t)^QL(C/ia)X + a;(2-+-)i(tc;i+"^-t)^QL(?7fV), ^' ^ 

where Ui,U2 are automorphisms in (3.17). The relation (3.31), Q l{'^)Q Rif^') = Q l{<^')Q r{<^) , 
holds when a, a' are in a CPM curve Wk'j the Q-operator defined by the normalized Qr,Ql- 
operators in (3.34) is equal to the CPM transfer matrix at the superintegrable point p: Q{cr) = 
Tp,a = Tp^aSR for a eWk^. 
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It is known that the CPM possesses the Onsager-algebra symmetry for the superintegrable point 
1 [39]; the same is also true for the superintegrable CPM at an arbitrary superintegrable point in 
the above theorem. Indeed, as a tends to p in 211^/ by setting x = uf^{\ — 2k' e + 0(e^)) with small 
e, to the first order, one has y = 1 + 2/c'e,/x = 1 + 2(/c' — l)e, and Tp-expression for the Q-operator 
near p ( [1] (1.11)-(1.17) ): 

fp(a) = 1{1 + {-Vf^iN - 1 - 2m)Le} + e/f + 0{e^) 

where H. is the Hamiltonian expressed by 

/ ^^'^ 0, ,n(m+2c) L N-1 ^ nm L 

n=l i=l n=l i=l 

The above Hamiltonian with m = c = was first found in [27], where the operators Ho,Hi were 
shown to satisfy the Dolan-Grady relation, hence give rise to a representation of Onsager algebra. 
Indeed, the same argument also applies to the above Hamiltonian H for two arbitrary integers m, c, 
hence the same conclusion holds for the Onsager-algebra representation using the Dolan-Grady pair, 
Hq and Hi. Therefore one obtains the Onsager-algebra symmetry of the superintegrable r^^^-model 
(3.38) by the same arguments as the case m = c = in [39]. Then the TQ-relation (3.42) yields 
the following Bethe equation for the r^-model: 

{l-UJ-'^ti)^ _ __(2c+2m+l)L+Q FjuJ'Hi) ^^^^^^ 



(1 - io-^-Hi)^ F{u;ti) 
for i = 1, . . . , J, where F{t) := n/=i(l - ^7^*) 



4 The (^-operator of XXZ Chain at a Root of Unity 

In this section, we employ the theory of cyclic representations of quantum algebra f/q(s/2) at A^th 
root-of-unity q to study the transfer matrix of XXZ chain, and establish an equivalent relationship 
between these models and an one-parameter family of generalized r*^^-* -model. For the case of 
cyclic representations with iVth root-of-unity representation-parameter for odd N, we construct 
the Q-operator for the corresponding r^^^ -model then identify it with the (inhomogeneous) CPM 
transfer matrices for two vertical superintegrable rapidities. In particular, for the special cyclic 
representation describing the spin-^^^^ representation of Uq{sl2), the result provides the identical 
theory between the root-of-unity XXZ chain of spin-^^^^ and the homogeneous superintegrable 
CPM at a specific point. 

4.1 XXZ chain, cyclic representations of Uq{sl2) and generalized T*^^^-model 

The quantum algebra Uq{sl2), i.e. the associated C-algebra generated by K~ , 6=*= with the relations 
K^K~ = K~ K2 = 1 and 

K'^e^K^ = q±ie±, [e+,e-] = ^ ~ (4.1) 
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arises from the theory of six-vertex model as the YB solution for the i?-matrix 

/ s-iq-sq-i \ 

s-^-s q-q-^ 

q-q-^ s-^-s 

\ s-^q - sq-^ J 

[26, 30, 31, 32]. The solution, called the L-operator, is the matrix with entries in Uq{sl2), 



\ C{s) V{s) I V (q-q"^)e+ sK^ - g-^R- j ^ ' 

for s G C, which satisfies the YB equation 

i?6v(5/5')('C(s)(g)i)(i(g)/:(s')) = (i(g)/:(s'))(/:(s)(g)i)i?6v(sA'). (4.3) 

aux aux aux aux 

Indeed, the YB constraint (4.3) for jC in the form (4.2) is equivalent to the relation (4.1) for the 
algebra Uq{sl2)- Since (4.3) is still valid when changing the variable s by As using a non-zero 
complex A, the matrix L(s) = r(£(As)) for a representation r : [/q(.s/2) — > End( C^) becomes a L- 
operator with C^-auxiliary and C^-quantum space satisfying the YB relation (4.3). In particular, 
for A = q~ and r the spin-^^ (highest- weight) representation of C"' = ®^~o^e^: 

K5(e'=) = q^^e^ e+ {e'') = [k]e''-\ e' {e'') = [d - 1 - k]e''+\ (4.4) 

where [n] = ^^Zq-i e"'"(e'') = e~(e'^~^) = 0, one obtains the well-known L-opcrator of XXZ 

chain of spin-^^ (see, e.g. [29, 41, 42, 44] and references therein). Using the local -L-operator (4.2), 

one constructs the monodromy matrix ^^^iCi{s) with entries in (0 C/q(si2))(s), 

again satisfying (4.3). Denote the leading and lowest terms of entries of the above monodromy 
matrix, 

A± = lim,±^^(±s)^ML(s), B± = lim,±^^(±s)^(^-i)|^, 
C± = lim,±_.^(±s)T(^-i)|f^, D± = lim,±^^(±s)T^Pi,(s), 

by 

q^^' =A^ = D±, T- = B+, S- = B_, S+ = C+, T+ = C_. 
The above elements give rise to the infinite-quantum-algebra Uq{sl2) with the identification: 

fe-i = ki= q^'\ eo = T", /o = r+, ei = 5+, /i = 5". 

When applying a Uq (s/2)-representation and scaling the variable s by As, the traces, tr q2 <S>e=i 
form a commuting family for all s, which gives rise to the transfer matrix of XXZ chain. In par- 
ticular, by employing the spin-^^ representation of Uq{sl2) and setting A = q^~, one obtains the 

commuting (g) C^-operator for the spin-^^ XXZ model (see, e.g. [42] section 4.2). 
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In the root of unity case when q is a Nth primitive root-of- unity q, as in the study of root-of- 
unity spin-i XXZ chain in [15], the normahzed Nth power of T±, = ^ , r±(^) = ^ 

( [N]\ := Yli^ili]), and ^ generate the sZ2-loop-algebra by 

-Ho = H, = ^; Eo = r-(^), El = Fq = T+W, F, = 5"^. 

Using the above relation, one can relate the finite algebra Uq{sl2) to the affine loop algebra of 
sl2- We now consider the cyclic representations of Uq{sl2), labelled by an arbitrary complex 
parameter s (see, e.g. [14] and references therein), where the p^-states are AT-cyclic vectors in 
with the C/q(s/2)-action: 

=q-2«|„)^ e'^\n) = - -^-j jn^l), n G Z^y. (4.5) 

q - q 

The matrix L(s) = Pe^{s) is the L-operator for the transfer matrix of the XXZ chain with the 
cyclic representation pe, 

T{s)=pJti^2<^Ce){s). (4.6) 
^ e=i ^ 

Note that r(s) commutes with K(:= ^^K^, the product of local iiT's). 

We now consider the cases for odd N = 2M + 1. First, we note that the spin--^^^ representation 
(4.4) can be regarded as the cyclic representation Pe=M (i-e. q"^ = q~), where the basis elements 
e'^ in (4.4) arc identified with \ — M + k) in (4.5) for A; = 0, . . . , — 1. Now we choose the primitive 
A^th root-of-unity q with q"^ = oj. One can use the Weyl operators X, Z to present the cyclic 
representation (4.5): K = Z , — q~-^)e^ = (q'^+^Z^a — q~^~^Z^2 )XT^; so is the L-operator 

L(»)(= p.c{s)y. 

\sq-'-\l-q^'+^Z-^)X-^ -s^ + Z-^ ) 

Therefore —sK~L{s) is gauge equivalent to 

/ 1-tZ-i (l-q-2£-2^-i)X \ 

Since the pair of Weyl operators Z~^, X can be converted to X, Z through the change of C^-basis 

(r>)', 1)') = (|0)', ■■■AN- 1)')|, (4.7) 

the above matrix is isomorphic to the L-matrix (2.8) of r^^^-model with —a = 7 = —k = 1,q = 
<,~^, — /3 = G C, i.e., —sK~L{s) is equivalent to 

L(t)=f '"^^ , (^-^"^)M,..C (4.8) 
^' \ - <,X)Z-^ -t + X J' ^ ^ 
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where t = and (; := q^^+^. Note the L-operators in (4.8) differ from r^^^-models of homogeneous 
CPM (2.13) except only at = uj~ {= co^), equivalently = q~, which corresponds to the 
spin-^^^^ representation (4.4) where L{q^~ s) is the L-operator for the spin-^^^^ XXZ chain in 
[42]. Furthermore, (4.8) with = uj^ is the same as the superintegrable r'-^^-model (3.38) (with 
m = M, c = 0) at p = (u;^, 1, 1), whose Q-operator is the CPM transfer matrix at p by Theorem 
3.1. Hence we obtain the following result. 

Theorem 4.1 Let L{s) = P£jO.{s) is the L- operator for the transfer matrix T(s) (4.6) of XXZ chain 
associated to the cyclic representation of Uq{sl2) for the Nth root-of-unity q = lo~ with odd 
N = 2M + 1. Then —sK~L{s) is equivalent to the L-operator (4.8) of the t^^^ -model parametrized 
by (; E C. Under the conjugation of local-basis change in (4.7), one has the identification 

-s^K^T{s) = T^'^\uj-\), t = s2, ^ = q2^+^ (4.9) 

In particular when cf = q~ (i.e. q = uj~ ) where becomes the spin-^^^^ representation of 
Uq{sl2), the relation (4.9) provides the identical theory between the XXZ chain of spin-^^^^ with 
the anisotropic parameter q and superintegrable CPM at p = {oo^ , 1, 1) so that the CPM transfer 
matrix (2.7) (or (2.5)j serves as the Q-operator of the spin-^^-^ XXZ chain. 

Remark. Through the identification of XXZ and CPM in the above theorem, the substitution 
t = q^^s^ in (3.43) with (m, c) = (M, 0), i.e. the Bethe equation of r'^^^-model for p = (u;^,l,l), 
yields the following Bethe equation of the spin-^^^^ XXZ chain (see, e.g. [42] (4.22)): 

a(q^-is,)^ ^ IJ {s]-q^s^) 

for i = 1, . . . , J, where a{s) := sq~ — s~^q2 . The root-of-unity spin-^^^^ XXZ chain is known 
to possess the sZ2-loop-algebra symmetry [42]. The identical theory between XXZ and CPM in 
Theorem 4.1 implies that the Onsager-algebra symmetry found in the superintegrable CPM in 
[39], (or more precisely, in section 3.2 of this paper about the CPM at the superintegrable point 
(w^^, 1, 1)), can be extended to the sl2-loop-algebra symmetry; equivalently to say, the root-of- 
unity spin-^^^^ XXZ chain indeed inherits the Onsager-algebra symmetry from the Q-operator, 
compatible with the sZ2-loop-algebra symmetry as indicated by the general representation theory 
of these algebras in [37]. This finding provides a satisfactory answer to the question in section 4.3 
of [42] about the symmetry structure of these two models. 

4.2 Inhomogeneous superintegrable CPM transfer matrix as the Q-operator of 
a generalized T*^^^-model 

In this subsection, we identify the CPM transfer matrix with two specific vertical superintegrable 
rapidities as the Q-operator of the r'-^^-model (4.8) with = 1 for a positive integer N (no oddness 
required). In particular when N is odd, the result provides the relation between (inhomogeneous) 
superintegrable A'"-state CPM and the XXX chain for cyclic representations of U^{sl2) with q^ = 
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q^^ = 1 by Theorem 4.1. As in section 3, we first determine the kernel of C^^^-operator in (3.4) 
associated to the L-operator (4.8). The entries of C^,^ are zeros except 

{n\C^.,i\n) = (^ - c^-"t)(l - 77cu"), (njC^^Jn - 1) = -(^ - a;-"+V)(t - r/w"-!?"!), 

hence the criterion of ^,77 for the existence of a non-zero kernel vector is : = rj^ when = 1, 
and (^^,7/^) = (<?^, 1), (—1, — ?^) when 7^ 1. Hereafter, we shall consider only the case = 1, 
(for odd N, corresponding to T(s) in (4.6) with a cyclic representation and e G ^Z). As in 
Lemma 3.2, one can show the following result. 

Lemma 4.1 Let C^jj be the operator in (3.4) associated to the L-operator (4.8) with = 1. Then 
C^^ri is singular if and only if = rj^ . When rj = io~^i, C^^rj has one- dimensional kernel with the 
cyclic-vector basis w = Z^^gZjv ^"l"-) ^ determined by 



(l-a;"-*^0(t-^"0 
satisfying the relations 



^\ \ ■> \^ I (ui^-t)w(u! ^t)o V /' (A-l^) 



D.(t)u;(t) = is-^uj-^ - X) , _i % w{uX). 

For rj' = oj^^^' , the one- dimensional cokernel of Q^i^ri' is generated by w* = J2neZi^ w*"'{n\ G C'^* 



expressed by 

u;*" _ (l-a;"-'=-V)(t-t^''~V) 



^*n-i _ o;"-!^') (t - <j-ia;"-^-i^') 

satisfying the relations 



(n G Zn), (4.12) 



^*(t)A,,(t) = (. - t) (-;-T;4;!.]g:r ^*(^t)x, 

^*(t)DHt) = (.-^ - t)j^.rSq^0\^w*{u.-H). ^ " ^ 



With the identification of the variables ^, ^' with x,y in (3.15), we now describe the special 
cyclic vectors w{a;k){= w{t;x,k)) , w*{a;k){= w*{t;y,k)) in (4.10), (4.12) respectively, for a 
in the surface 6 (3.16) so that (4.11) and (4.13) will take a simple form. Consider the following 
elements in 6: 

p : (xp,yp,//p) = (?-i(j-i,l,l), p' : (xp,,yp/,/ip/) = (?, 1,1), <j = (4.14) 

where m > an non-negative integer. Instead of (3.18), wc use the functions \]p^„(n),\]p^ain-), 
Wp',(T(?^), Wp'^o-(^) in (3.30) for a = (x,y,//) G S,n G Zat. Note that by the definition of p, p' in 
(4.14), these functions are indeed defined on & (no constraint of the curve (3.28)). Define the cyclic 
vector w{a;k) in (4.10), and w*{a;k) in (4.12) by 

Ij^m+ifYi^+ijl _ ^ix))^«((7; k)n = Wp.,,(n)Wp,,(n - fc)/Wp,,(m + 1), 

/ ^ < (4.15) 

y"'" nT=-mi'^'y - 1)"' kr = - n)/Wp,,(-m). 
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(The left factor of the second formula in above is set to be 1 when m = 0.) Then the relations 
(4.11), (4.13) take the form 

k^-kAt)w{a) = (1 - ci-^u-H)Xw{U^^a), 

D^(t)u;((7; k) = (1 - <;L0t)w{U2a), 

w*{a;k)k^ky{t) ={l-c;-H)w*{Uia)X, 

w*{a)Dy{t) = (1 - ?t)u;*(C/f V), 

with the following relations for the cyclic vectors, 

X'w{a; k) = w{V-'a; k), w*{a] k)X^' = w*{V'a; k), 

where Ui,U2,V are automorphisms in (3.17). 

The Qr, Qi-operators for the L-operator (4.8) are constructed as in the case of the super- 
integrable r^^^-model in section 3.1. We replace v{a;j — i), v*{a;j — i) in (3.22), (3.25) by 
w{a;j — i),w*{a;j — i) in (4.15) respectively, then obtain the S, S-matrices, hence the Qr, Ql- 
operators. The relation (4.16) in turn yields the following TQ-relation 

r(2) {uj-H)QR{a) = (1 - <;-^oj-HfXQR{U^^a) + (1 - c,ujt.)'^ Q R{U2a)- 

Ql{o)t^^) {lo-H) = (1 - c^-H)^QL{Uia)X + (1 - ?t)^Qi(;7f V). ^ ' ^ 

Note that by (4.15), the Q^?, (^L-operators take the oo- or zero-values at p, p'. We multiple the 
Qi?) Qi-operators by the factors appeared in (4.15), 

^m+i f nrn+i^(i _ a;'x)) Wp,.(m + 1) = ^oi^ ' a^-'x)(y - u'^ 

( ^ < (4.18) 

M"^(ni^-L(l - a;V)-^jWp,.(-m) = REi ^.^^-i^^^^^^^-iy 

(The right side of the above second relation is defined to be 1 when m = 0.) The normalized 
operators, 

QR{<y) = ( n[^o(i - ^-'x)(y - uj-'ifQRi 

Ql(^t) = (nEi(i-^-V)(x-^-')) Ql{(t) 

are the trace of monodromy matrices using the normalized local S, S-matrices: 

) , \^ ^ ^ (4-20) 

SiM) = [mi (TTZFiifer^jS,,,- = njw*{a;j - i)X-\ 

for i,j G Zjv and a G S, where by (4.15) and (4.18), the cyclic vectors w{a; k),w*{a; k) are defined 

by 

w{a; k)n = ^p',a{n)\^p,a{n - k), w*{a; A;)" = Wp,^(A; - n)Wp/_^(-n). 

We now examine the relation between Ql{(^)Qr{(^') and Ql{(^')Qr{(^) through the product function 
of vectors in Sij,Sk^i (4.20): 

F{a,a'\i,j;k,l) = w*{a] j - i)X-'+^w{a' ]l - k) 



L 

L (4.19) 
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Parallel to the discussion of (3.32), the same argument leads to the constraint of a, a' lying in a 
curve Wk' (3.28) so that the star-triangle relation (2.3) holds for (p, cr, cr') and (p',cr, cr'). This in 
turn yields the relation^ 

W^,^, (i - k)F{a, a'\i, j- k, OW^,^, (j -/)"' = ^-f^F{a\ a% j; k, I) (4.21) 

J pa' Jp'a 

where the function fqj. is defined in (2.4). This implies 



Ipa' Jp'a 



(4.22) 



We define the Q-operator 



Q{<t) = QLiaor'QUa) = {lf^I^fQn{a)QR{a^)-^ {a G 2B,0 (4.23) 

jpao Jp'a 

where o"o is an arbitrary normalized point at which both (5l(co)) Qil(<''o) f're non-singular. Then 
Q{(j) for cr G Wk' form a family of commuting operators satisfying the TQ-relation 



t(^>{uj ^t)Q(a) = ^ ^Q{Uia)X 

(l-a>"^t)^(x-l)^ ^..r-l-^ 



m^^Lr,_,,L , (4.24) 



As in (3.36) by setting Tjj = Tij = \j) in (4.20), one can identify Qr, Ql with the CPM transfer 
matrices Tp p/, Tp^p/ for the two vertical rapidities p, p' in (4.14), QR{a) = Tp p/((T), Qr{(t) = Tp pi{a) 
([10] (2.15a) and (2.15b)): 

(ii, • • • ,jL\QR{(y)\3'i, ■■■J'l) = ULi ^p,aUe - j'iWp'Aji+i - j'e)'^ ^4 
(ii, • • ■ ,jL\QL{(T)\j[, ■■■,3'l)= niLi Wp,a(i^ - je)^p'a{je - fe+v)- 

Hence we have shown the following result. 

Theorem 4.2 Let r(^)(t) be the t^'^^ -matrix (2.10) for the L-operator (4.8) with q = ui'^ (m > 0), 
and Tp p/ , Tp p' he the CPM transfer matrices for two vertical superintegrable rapidities p, p' in (4.14). 
Then the Qr,Ql- operators of the t^^^ -model are 

QR{a) = (ur=oi^-^-'^)iY-^-')) \p'(^), 



Qda) = (ni^i(l - u;-V)(x - rp,p'(^) 



for a € &, which satisfy the TQ-relation (4.17). The commuting relation (4.22) for the normalized 
QRiQl-operutors in (4.19), i.e. Tp^p/ andTppi, holds when both a, a' are in a CPM curve W^' , and 
the Q-operator defined by in (4.23) satisfies the TQ-relation (4.24). 



^The F{a,a'\i,j;k,l) is the same as Uqr{a,b,c,d) in [10] (2.28) where p,p' ,q,r,a,b,c,d correspond to 
p', p, cr, cr', i, j, I, k here. The derivation of (4.21) here can be obtained by revising the arguments in [10] (2.18)-(2.31). 
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Remark. For odd N = 2M+1, by Theorem 4.1 the r^^^ -models in the above theorem are equivalent 
to the XXZ chain T{s) in (4.6) associated to the cyclic [/q(sZ2)-representations pe with e G Z. As a 
consequence, the theory of the XXZ chain for a cyclic representation of Uq{sl2) with the parameter 
q*"^ = 1 can be identified with the inhomogeneous CPM with two vertical superintegrable rapidities 
p, p'. In particular when q = uj^ (equivalently e = M), p = p' in (4.14), which is equal to the 
superintegrable element (3.40) with (m, c) = (M, 0). This again shows the identical theory between 
the spin-^^^^ XXZ chain and the homogeneous superintegrable CPM at p as described in Theorem 
4.1. Indeed in this case, the cyclic vectors w,w* in (4.15) and v,v* (3.41) are related by 

uj^l -x^)w{a;k) =v{a;k), cv'^y^ - l)-^w*{a;k) = v*{a;k), 

by which, arguments in Theorems 4.2 and 3.1 are equivalent. 

5 Concluding Remarks 

In this article, we have successfully constructed the superintegrable A?^-state CPM transfer matrix as 
the Q-operator of the XXZ chain for cyclic ?7q(s/2)-representations with iVth root-of-unity property 
for odd N. By converting the root-of-unity XXZ chain with cyclic representations of Uq{sl2) for 
q'^ = 1 to a special one-parameter family of generalized r'^^-'-models (4.8), we construct the Qj?, Ql 
and Q-operators of those A^th-root-of-unity r'-^^-models by the Baxter's method of producing the 
Q72-operator in the root-of-unity eight-vertex model [3]. With a correct identification of parameters 
in the Q-operator construction from the r*^^-* -model, the Boltzmann weights of CPM are found to 
express the Qi?, Q^-operators, which are identified with transfer matrices in the theory of super- 
integrable CPM with two vertical rapidities. We also apply the techniques to the superintegrable 
T^^) -models (3.38), thus obtain the transfer matrices of homogeneous superintegrable CPM as the 
Qj?) QL-operators. We describe the steps in some detail for the special superintegrable r^^^-model 
(2.15) in section 3.1 as it will serve as a model example of constructing Q-operator for the sym- 
metry study of other lattice models. As a result of our working, the spin- ■^^2"'" XXZ chain model 
and the superintegrable CPM are unified into one single theory for odd N (Theorem 4.1), which 
provides a satisfactory connection between these two models in both qualitative and quantitative 
aspects. Further possible extension to root-of-unity XXZ spin chain of other higher spins seems 
somewhat subtle, but the work is under consideration. For the Q-operators in section 4.2, the CPM 
transfer matrices we obtain here is an inhomogeneous one with two vertical rapidities, a significant 
difference from those homogenous CPM in section 3. The finding suggests that there should be a 
relationship between inhomogeneous CPM theory and the generalized r^^^ -models. The connection 
is not immediately apparent, and much remains to be discovered in this direction. 
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